REMARKS ON RAMANUJAN FUNCTION Aq{z) 



RUIMING ZHANG 

Abstract. In this short notes we will derive an inequality for scaled q~^- 
Hermite orthogonal polynomials of Ismail and Masson, an inequality for scaled 
Stieltjes-Wigert, two inequalities for Ramanujan function and two definite in- 
tegrals for Ramanujan function. 



1. Introduction 

Ramanujan function Aq{z), which is also called q-Airy function in the literature, 
appears repeatedly in Ramanujan's work starting from the Rogers- Ramanujan iden- 
tities, where Aq{—1) and Aq{—q) are expressed as infinite products, [2], to properties 
of and conjectures about its zeros, [H [3 [H [l^ . It is called g-Airy function because 
it appears repeatedly in the Plancherel-Rotach type asymptotics \W\ \TE\ [T6] of q- 
orthogonal polynomials, just like classical Airy function in the classical Plancherel- 
Rotach asymptotics of classical orthogonal polynomials |22[ lllj. In our joint work, 
[16] . we derived Plancherel-Rotach asymptotic expansions for the g~^-Hermite of 
Ismail and Masson, g-Laguerre and Stieltjes-Wigert polynomials using a discrete 
analogue of Laplace's method. We found that when certain variables are above some 
critical values, the main terms in the asymptotics in the bulk contain Ramanujan 
function Ag{z), when the variables are below these critical values, however, the 
main terms in the asymptotics expansion in the bulk involve theta functions. 

In this paper we further investigate the properties of Ramanujan function Aq{z). 
In |2]we introduce the notations and prove inequalities on Ismail-Masson polynomi- 
als {hnix\q)}'^^Q and Stieltjes-Wigert polynomials {'S'„(a;; q)}^Q . In |3l we derive 
two inequalities for Ramanujan function Aq{z). We use the asymptotic formulas in 
|16j to prove two definite integrals of Aq{z) in |4l 

2. Preliminaries 

In this section and the next section we will tacitly assume that all the log and 
power functions are taken as their principle branches, unless it is stated otherwise. 
As in our papers [TSt I16j. we will follow the usual notations from g-series [5| ISj [Tl] 

n 

(1) {a;q)o:^l (a; g)„ J|(l - ag'^), 

Thoughout this paper, we shall always assume that 

(2) < g < 1 i > 0, 
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hence n = oo is allowed in the above definitions. Then, 

(3) 
and 



0< J^<1 



(4) 



< 



n 
k 



< 



1 



for fc = 0, 1, n. 

We will use the q-binomial theorem (SHU [11], 



(5) 



{az;q)c 



CO {q;q)k 



and the following limiting cases, also known as Euler's formulas. 



(6) 



°° qHk-i)/2 



k=0 



{q;q)k 



1 



(^;<?) 



oo ^,iq;q)k 



Ramanujan function Aq{z) is defined as [201 [TT 
(7) 



OO 



2.1. Ismail-Masson Polynomials {/in(a:|(7)}^g. Ismail-Masson polynomials {hnix\q)}'^^Q 
are defined as 1 11 1 



(8) 



hn{smh£,\q) = ^ 



fc=0 



n 
k 



q 



Ismail-Masson polynomials satisfy 



(9) 



hrnix\q)hnix\q)wiM {x\q)dx = q 



- „-«("+l)/2 



(<?; q)nSm,n 



for n, TO = 0, 1, where 



(10) 



WiMix\q) = 



l-2q^/^ 



exp 



log (^x + y 



Trlogq ilogg 
It is clear that their orthonormal polynomials are defined as 



^2 + 1 



„n(n+l)/4 



r/i„(a;|g). 



(11) /'-nia;!?) 
Let 

(12) sinh^„ := 
and assume that 

(13) ueC\{0}. 
It is easy to see that 

(14) w/Af(sinh^„|g) = w/M(sinh u|g)M"^"*g2«=t^ 
It is also clear from ^ and lfT2l) that 
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(15) 
Thus 



k=0 



n 
k 



n(2t-l) 



1 1" " 
^ k=0 


qk'- 




{q;q)k 




1 in oo 
^ k=0 


q- 


f qn{2t-l) 


{q;q)k 





or 



(16) 



< 



|/i„(sinhC„k)| < -^^^ 
9 \ u 



2.2. Stieltjes-Wigert Polynomials {>S'„(a;; g)}^Q. Stieltjes-Wigert polynomials 
{Sn{x;q)}^^Q are defined as 



(17) 



Sn{x;q) = ^ 



q'' (-a;)* 



fc=o 



{q;q)k{q]q)n-k 



They are orthogonal respect to the weight function 

f 1 



(18) 

with 
(19) 



wsw{x]q) 



-1 



■ exp 



27rlog(7 I 21ogq 



Sn{x]q)Sm{x]q)wsw{x]q)dx = —5m,n 

{q;q)n 



for n,m = 0,1,.... The orthonormal Stieltjes-Wigert polynomials with positive 
leading coefficients are 



(20) ~Sn{x\ q) = (-1)"V9"('?; q)nSn{x; q). 

In the case of the Stieltjes-Wigert polynomials the appropriate scaling is 

(21) x„(t,M) = (7-"*M. 
A calculation gives 

(22) wswiq-'^'u-q) = wsw{u;q)u~^'q^'''''+'''^'\ 
Set x = Xn{t, u) in lfT7|) then replace fc by n — fc to see that 



(23) 



S,,{x^{t,u)-q)^u^q^ (1-*)^ 



fe=0 



iq;q)k{q]q)n-k 
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Thus, 



\Sn{xn{t,u)]q){q;q)n\ < 



\u\ sr^ q'^ 



i(t-2) 



< 



^ qk' /„"(t-2) 



or 
(24) 

It is clear that 
(25) 

for n e N, then, 
(26) 



\S„{xn{t,u)-q)\ < 



t-2) N 



(9;g)oog"'(*-i) 
3. Some Inequalities for Aq{z) 



1 — o" 
71 > > 



1-g 



< 



ki 



for k — 0, 1, . . . and for any complex number z. Applying Lebesgue's dominated 
convergent theorem we have 



(27) 



lim Aq{{l — q)z) — e 



for any z € C, hence Aq{z) is really one of many q-analogues of the exponential 
function. From l(26|) we also have obtained the inequality 

(28) |A,((l-g)z)| <e«l^l 
or 

(29) \Aq{z)\ < e«l^l/(i-'?) 

for any complex number z. For any nonzero complex number z, then 



(30) 



lAWi < E(^('^^-M^i) 



For fc = 0, 1, the terms g*^^*^ are bounded by 



(31) 
Thus, 



1/2 



exp 



log' 
41ogq 



\A,iz)\ < 



< 



1/2 



exp 



q" 



41ogg J ^ {q]q)k 



E' 



(9;'?)c 
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1/2 



exp 



\ 4 log g J 



or we have 

(32) \A,{z)\<^ 
for any nonzero complex number z. 

Theorem 3.1. Assume that Ag{z) is Ramanujan function defined in ([6]), then, for 
any complex number z, 

(33) IA(^)| < 691^1/(1-9), 
and , 

(34) IM.)1 < "7 "'"I . 
for any complex number z ^ 0. 

Remark 3.2. The trivial inequality (|25l) can be used to show that a basic hyper- 
geometric series converges to its hypergeometric series counter-part under suitable 
scaling and conditions. Also, using l|34p the formulas lfT6|) and ((24|) could be recast 
into other forms. 

4. Definite Integrals for Aq{z) 
Put t = i in formula (64) of plj, we have 



(35) y g»/^^H(sinh.|g) - ^9(- )+rjM 

with 



(36) \rjM\ < 



{q;q)l 



X 9"/2_^^nV4|^|-2Ln/2j-2 



Theorem 4.1. Assuming that Aq{z) and wiM{x\q) are defined as in ([7]) and IjlOp . 

(37) / Al{u-^)wiM{u\q)du^2{q;q)^. 
Jo 

Proof. For the orthonormal Ismail-Masson polynomials hn{x\q) satisfy 

(38) / |/i„(a;|g)| wiM{x\q)dx ^ 1. 

J — oo 

Assume u > and make the change of variable 

(39) X = smh 4„ = 

in (|38|) . we have 

(40) / |/i„(sinhe„|g)} u;/M(sinhe„|<7)(<7-"/' + -?"/'^/-')d^/ = 2, 
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or 
(41) 



Thus we have 
(42) 



1™ / { fen(sinhenlg) (l + g"u-2)z«,M(sinhu|g)du = 2(g;g), 



n — ^00 







From (dl]), (ffll) and |(T6]) we have 



2 



I /(g; 9)riW7A/(sinh^„|g) r . . , ^ , ^ I ^ -2/ -2^ 
and from ll34l) and (fTOl) we know that 



(44) u ^w/M(sinhu|g)74^(--u ^) 

is bounded for < w < 1. From ll33l) we know that 



(45) ^^(-^-') 

is bounded for u > 1. Lebesgue dominated convergence theorem allows us to take 
limit inside the integral. We use l(35|) to get ((37|) . □ 



Take t = 2 in the formula (69) of [E], 



(46) \ -r—\ 7 ^Sn{q u;q) = 



{(l]q)nwsw{u;q) ' {q]q)c 



with 



(47) |rsiy(n-)| < -r—. \q ' 



Theorem 4.2. Assuming that Aq{z), and wsw{x;q) are defined as in ^ and 
(flSl). Then we have 



(48) / A^Ju ^)wsw{u;q)du= {q;q) 







Proof. From the orthogonality of Stieltjes-Wigert polynomials, we know that the 
orthonormal polynomials SN{x;q) satisfy 



(49) / s,^{x;q)'wswix;q)dx = 1. 

Jo 

Let us make a change of variable 

(50) X = q-^"u 
in (09]) with u > 0, then, 



(51) 



Iq ^''wswiq ^'^u;q) . , 2™ n 
— r ^ s„ {q u;q) 

{q;q)nwswwq) 



wsw{u;q)du 



(g; q)n 
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therefore, 



(52) lim 



q '^"wswiq '^"u;q) , , _2„ ^ 
Sniq u-q) 



-I 2 



{q;q)nwswiu;q) 

From ([201), ([221) and lISll) we have 



wsw{u;q)du = 



{q;q)c 



Iq '^''^wswiq '^"'u;q) 
{q;q)nWswiu;q) 



Ua{q-'^u;q)\} < 



{T.q)lo 



and by and (JM 



Al{-u '^)wsw{u]q) 



is bounded for < u < 1, by ((33l) . 

Ali-u-^) 

is bounded for u>l. By Lebesgue dominated convergence theorem we interchange 
the orders of limit and integration, then apply (|46l) to get l|48p . □ 
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